ABSTRACT. We describe several algorithms for the generation of integer Heronian triangles with diameter at most n. Two of them have running time O n 2+ε . We enumerate all integer Heronian triangles for n ≤ 600000 and apply the complete list on some related problems.
where
If its area and its side lengths are rational then it is called a Heronian triangle. Triangles with integer sides and rational area were considered by the Indian mathematician Brahmagupta (598-668 A.D.) who gives the parametric solution
for positive integers p, q, h, i, and j satisfying ih > j 2 and gcd(p, q) = gcd(h, i, j) = 1. Much has been contributed [5, 6, 22, 23, 24, 28] to the determination of such integral triangles, but still little is known about the generation of integer Heronian triangles with diameter n = max(a, b, c). Our aim is to develop a fast algorithm for the generation of the complete set of integer Heronian triangles with diameter n.
In this context an extensive search on those triangles was made by Randall L. Rathbun [20] . He simply checked the 7818928282738 integer triangles with diameter at most 2 17 and received 5801746 primitive, i. e. such with gcd(a, b, c) = 1, integer Heronian triangles with rational area.
In the next section we introduce a new parameterization and in Section 3 we give some algorithms for the generation of integer Heronian triangles. We finish with some combinatorial problems connected to Heronian triangles.
A NEW PARAMETERIZATION
The obstacle for a computational use of Brahmagupta's parametric solution is the denominator q. So we first prove a few lemmas on q.
(w 1 , h) = w 1 , (w 1 , i) = w 1 ,
where (x, y) abbreviates gcd(x, y).
PROOF. Suppose q = q1q2 gcd(q1,q2) with q 1 |h and q 2 |i 2 + j 2 . Now let r be a prime divisor of gcd(q 1 , q 2 )
and gcd(p, q) = 1 we also have r|i or r|h 2 + j 2 . In the first case we have r|i 2 + j 2 =⇒ r|j 2 =⇒ r| gcd(h, i, j) =⇒ r = 1. In the second case we can use r|h 2 + j 2 and r|h to conclude r|j 2 . With this and r|i 2 + j 2 we also get r|i 2 and so r| gcd(h, i, j) = 1 =⇒ r = 1. So we know gcd(q 1 , q 2 )=1.
Analog we get q = q 3 q 4 with gcd(q 3 , q 4 ) = 1, q 3 |i, and q 4 | h 2 + j 2 .
Now we set q 1 = w 1 w 2 , q 2 = w 3 w 4 , q 3 = w 1 w 3 , and q 4 = w 2 w 4 . With gcd(q 1 , q 2 ) = gcd(q 3 , q 4 ) = 1 we can conclude the 4 divisibility conditions for each w i and that the w i are pairwise coprime.
Lemma 2.2.
PROOF. We consider ai − bh = pih(i+h)(i−h) q and conclude w 4 |(i − h)(i + h). Now we consider a prime factor r with r|(i − h) and gcd(r, i + h) = 1. Because r|w 4 |a, b, c we get
Lemma 2.3.
PROOF. To prove the lemma we will show w 4 |8c. From
The next step is to find a parameterization of the set of solutions which is better suited for computational purposes. Therefore we set w 2 = st 2 and w 3 = uv 2 with squarefree integers s and u. Because w 2 |h 2 + j 2 , w 2 |h, w 3 |i 2 + j 2 , w 3 |i, and gcd(w 2 , w 3 ) = 1 we have stuv|j. Thus we can set
with integers α, β, and γ. With this we can give the following parameterization of the set of integer Heronian triangles.
ALGORITHMS FOR THE GENERATION OF INTEGER HERONIAN TRIANGLES
In this section we list several algorithms to generate all integer Heronian triangles with diameter at most n. The main idea of the first algorithm is to utilize the parameterization of the previous section to run through all possible values for a, w 4 and then to determine all possible parameters p, w 1 , s, t, u, v, α, β and γ. Without loss of generality we can assume that a ≥ b and thus n ≤ 2a − [13] ) For ε > 0 and n > n 0 (ε)
log n log log n where τ (n) denotes the number of divisors of n. PROOF. If we denote the number of solutions of z = x 2 + y 2 in pairs (x, y) of integers by r 2 (z) then we have [12, 27] 
So for each
Thus for each ε > 0 and each z ≤ 16n 2 there are only O (n ε ) integer solutions of z = x 2 + y 2 . Consequently there exists an implementation of Algorithm 3.1 with running time O n 2+ε . Furthermore we can conclude that there are O n 1+ε integer Heronian triangles with diameter n. Maybe a faster algorithm can be designed by using refined number theoretic conditions on w 4 . Unfortunately we were not able to find estimations on the number of integer Heronian triangles in literature. Therefore we are unable to give a lower bound for the complexity of generating integer Heronian triangles.
In order to derive a second algorithm for the determination of integer Heronian triangles we utilize the Heron formula for the area of a triangle ∆ = (a, b, c) and consider
The idea is to run trough all possible values for 4A and then determine a, b and c by factorising 16A 2 . Since
For the factorization of m we may use an arbitrary algorithm with running time O (m ε ) [21] . If we are allowed to use Ω(n 2 ) space a less sophisticated possibility would be to use the Sieve of Eratosthenes on the numbers 1 to √ 3n 2 . Thus Algorithm 3.4 can be implemented with running time O n 2+ε . For completeness we would also like to give the pseudo code of the algorithm mentioned in the introduction.
Algorithm 3.5. (Generation of integer Heronian triangles III)
for a from 1 to n for b from
is the square of an integer then output a, b, and c
The running time of Algorithm 3.5 is O n 3 . It has the advantage of producing only one representative of each equivalence class of integer Heronian triangles in a canonical ordering. Due to the overhead of Algorithm 3.1 and Algorithm 3.4 the trivial Algorithm 3.5 is faster for small values of n.
For a practical implementation we describe some useful tricks to enhance Algorithm 3.5 a bit. We
is a square then it must also be a square if we calculate in the ring Z m for all m ∈ N. In our implementation we have used the set of divisors of 420 for m. In a precalculation we have determined all possible triples in Z 3 420 . Hereby the number of candidates is reduced by a factor of 14744724 74088000 ≈ 0.199. Additionally we determine the squarefree parts of the integers at most 3n in a precalculation. Instead of determining the square root of a big integer we determine squarefree parts of integers. If sfp(f ) gives the squarefree part of f then we have
Thus we can avoid high precision arithmetic by using a gcd-algorithm. Without it we would have to deal with very large numbers -since we compute up to n = 600000. A complete list of the integer Heronian triangles of diameter at most 600000 can be obtained upon request to the author. In the following sections we will use this list to attack several combinatorial problems.
MAXIMAL INTEGRAL TRIANGLES
A result due to Almering [1] is the following. Given any rational triangle ∆ = (a, b, c) ∈ Q 3 in the plane, i. e. a triangle with rational side lengths, the set of all points x with rational distances to the three corners of ∆ is dense in the plane. Later Berry [2] generalized this results to triangles which side lengths are rational when squared and with one side length rational. If we proceed to integral side lengths and integral coordinates the situation is a bit different. In [15] the authors search for inclusion-maximal integral triangles over Z 2 and answer the existence question from [9] positively. They exist but appear to be somewhat rare. There are only seven inclusion-maximal integral triangles with diameter at most 5, 000.
Here we have used the same algorithm as in [15] Thus with 126 examples the situation changes a bit. There do exist lots of inclusion-maximal integral triangles over Z 2 . Some triangles of this list may be derived from others since
Here the limiting factor is the algorithm from [15] and not the generation of integral Heronian triangles. We remark that there are also inclusion-maximal integral tetrahedrons over Z 3 [15] .
n 2 -CLUSTER
A n 2 cluster is a set of n lattice points in Z 2 where all pairwise distances are integral, no three points are on a line, and no four points are situated on a circle [19] . The existence of a 7 2 -cluster is an unsolved problem of [11, Problem D20] and [19] . Since a 7 2 -cluster is composed of Heronian triangles and a special case of a plane integral point set, we can use the exhaustive generation algorithms described in [17, 18] 
is an integral point set over Z 2 , see Figure 1 . Unfortunately the points 1, 2, 6 and 7 are on a circle. But, no three points are on a line and no other quadruple is situated on a circle. If we add (319500, 106855)
as an eighth point we receive an integral point set P over Z 2 where no three points are situated on a line. There are exactly three quadruples of points which are situated on a circle: {1, 2, 3, 8}, {1, 2, 6, 7}, and {3, 6, 7, 8}. r r r r r r r FIGURE 1. Almost a 7 2 -cluster.
We would like to remark that the automorphism group of an n 2 -cluster for n ≥ 6 must be trivial. In [17] the possible automorphism groups of planar integral point sets were determined to be isomorphic to id, Z 2 , Z 2 × Z 2 , Z 3 or S 3 . It was also shown that an automorphism of order 3 is only possible for characteristic 3. Since n 2 -cluster have characteristic 1 such an automorphism cannot exist. If we would have an automorphism of order 2 then for n ≥ 6 either three points are collinear or four points are situated on a circle. Using our list of Heronian triangles we have performed an exhaustive search for 7 2 -clusters up to diameter 600000, unfortunately without success. If we relax the condition of integral coordinates, then examples do exist, see [16] .
PERFECT PYRAMIDS
In [3] the author considers tetrahedra with integral side lengths, integral face areas, and integral volume, see also [20] . The smallest such example has side lengths (a, b, c, d, e, f ) = (117, 84, 51, 52, 53, 80) using the notation from Figure 2 . In the plane a triangle with integral edge lengths and rational area is forced to have an integral area. The situation changes slightly in three-dimensional space. Here it is possible that the edge lengths of a tetrahedron are integral and that the volume is genuinely rational. If the edge lengths are integral and the face areas and the volume are rational, then all values must be integral, see [8] . In [3] it was also shown that a perfect pyramid with at most two different edge lengths cannot exist. For three different edge lengths a parameter solution of an infinite family is given. More comprising the authors of [3, 8] consider all possibilities of coincidences of edge lengths. Up to symmetry we have the following configurations: In order to answer some of these questions we have performed an exhaustive search on perfect pyramids up to diameter 600000 using the following algorithm: Let n be the maximum diameter, κ ∈ N, and ϕ : {1, . . . , n} × {1, . . . , n} → {0, κ − 1} a mapping. For 0 ≤ i ≤ κ − 1 let L i contain integers 1 ≤ c ≤ n such that there exit integers a, b ≤ n fulfilling φ(a, b) = i and where (a, b, c) is a Heronian triangle. In [7] the authors have considered rational tetrahedra with edges in arithmetic progression. They proved that tetrahedron with integral edge lengths, rational face areas and rational volume do not exist. If only one face area is forced to be rational then there exist the example (a, b, c, d, e, f ) = (10, 8, 6, 7, 11, 9) , which is conjectured to be unique up to scaling. We have verified this conjecture up to diameter 600000.
Algorithm 6.1. (Generation of perfect pyramids)
for d from 1 to n loop over all (a 1 , b 1 ), (a 2 , b 2 ) where (d, a 1 , b 1 ) and (d, a 2 , b 2 ) are Heronian triangles lb = max |a 1 − a 2 | , |b 1 − b 2 | + 1 ub = min {a 1 + a 2 − 1, b 1 + b 2 − 1, d} if ub − lb + 1 = min ub − lb + 1, L ϕ(a1,a2) , L ϕ(b1,b2) then for x from lb to ub if P = (d, a 1 , a 2 , b 1 , b 2 , x) is a perfect pyramid then output P if L ϕ(a1,a2) < min ub − lb + 1, L ϕ(b1,b2) then for j from 1 to L ϕ(a1,a2) x = L ϕ(a1,a2) (j) if P = (d, a 1 , a 2 , b 1 , b 2 , x) is a perfect pyramid then output P if L ϕ(b1,b2) < min ub − lb + 1, L ϕ(a1,a2) then for j from 1 to L ϕ(b1,b2) x = L ϕ(b1,b2) (j) if P = (d, a 1 , a 2 , b 1 , b 2 , x)
HERONIAN TRIANGLES AND SETS OF HERONIAN TRIANGLES WITH SPECIAL PROPERTIES
In [26] it is shown that for every positive integer N there exists an infinite family parameterized by s ∈ Z >0 , of N -tuples of pairwise nonsimilar Heron triangles, all N with the same area A(s) and the same perimeter p(s), such that for any two different s and s ′ the corresponding ratios A(s)/p(s) 2 and A(s ′ )/p(s ′ ) 2 are different. Randall Rathbun found the smallest N -tuples for N ≤ 9. In Table 2 we give the perimeter and the area of the smallest N -tuples for N ≤ 10. The smallest 11-tuple has a perimeter greater than 1200000. 
